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Dipole oscillation is studied in a normal phase of a trapped Bose–Fermi mixture gas, composed
of single-species bosons and single-species fermions. Applying the moment method to the linearized
Boltzmann equation, we derive a closed set of equations of motion for the center-of-mass position
and momentum of both components. By solving the coupled equations, we reveal behaviors of dipole
modes in the transition between the collisionless regime and the hydrodynamic regime. We find that
two oscillating modes in the collisionless regime have distinct fates in the hydrodynamic regime; one
collisionless mode shows a crossover to a hydrodynamic in-phase mode, and the other collisionless
mode shows a transition to two purely-damped modes. Temperature dependence of these dipole
modes are also discussed.
I. INTRODUCTION
Technologies of ultracold atomic gases have given us
excellent opportunities for experimental study of quan-
tum many-body systems. One of the most interesting
achievements is realization of quantum mixture gases in
two isotopes [1–3], and two different species of atoms [4–
8]. In comparison with the well-known mixture of quan-
tum liquids, 3He and 4He, ultracold atomic gases are
richer in variety of combinations, with changing not only
quantum statistics and a number of particles, but also a
mass of particles, a strength of interaction, and geometry
of confinement [9].
One of recent interests have been focused on Bose–
Fermi mixtures. In particular, static properties of
heteronuclear Bose–Fermi molecules [6] and degenerate
Fermi gas with a Bose–Einstein condensate (BEC) [7]
have been investigated. Dynamics such as dipole oscil-
lation [4, 10], quadrupole oscillation [5], and the breath-
ing mode of a BEC with a fermionic reservoir [11] were
also addressed. Furthermore, a superfluid Bose–Fermi
mixture was ultimately created, where its center-of-mass
motion [12] and its critical velocity [10, 13] were stud-
ied. Collective modes of a Bose–Fermi mixture are
also theoretically investigated: monopole and multipole
modes [14–16], low-lying modes in spinor Bose–Fermi
mixture gases [17], density and single-particle excita-
tion [18], and collective modes using the variational-sum-
rule approach [19, 20].
Collective modes, exhibited by fluctuation of number
density, are often characterized by collisional processes,
where local quantities relax to equilibrium during col-
lisions. In particular, a competition between two time
scales is important: a relaxation time τ and a period of a
collective mode given by a frequency ω. Hydrodynamic
modes are characterized by ωτ ≪ 1, where the relaxation
time is sufficiently shorter than the oscillatory period of
the collective mode. In contrast, collisionless modes are
characterized by the opposite condition ωτ ≫ 1. Indeed,
a smooth crossover has been observed between those col-
lisionless and hydrodynamic modes in ultracold atomic
gases [21, 22].
In an earlier study [23], we examined a collective sound
mode in a normal phase of a uniform Bose–Fermi mix-
ture, composed of single-species bosons and single-species
fermions interacting via s-wave scatterings, where colli-
sions between fermions are absent because of the Pauli-
blocking. The intraspecies (Bose–Bose) scattering be-
comes important at low temperature close to the BEC
transition temperature because of Bose-enhancement,
which may lead to the hydrodynamic regime. On the
other hand, the Pauli-blocking of fermions suppresses
the interspecies (Bose–Fermi) scattering at extremely low
temperature [24]. This suppression favors the collision-
less regime. These distinct quantum statistical properties
may give rise to an interesting feature of collective modes.
The earlier study showed that there surprisingly exists a
long-lived sound mode between the hydrodynamic regime
and the collisionless regime [23]; this is in contrast to our
general knowledge, where a lifetime of the collective mode
is very short in the crossover regime.
Dipole oscillation, a one-dimensional motion of the
center of mass, is more accessible experimentally in ul-
tracold gases. An earlier experiment observed the dipole
oscillation of a normal Bose–Fermi mixture in both the
collisionless and hydrodynamic regimes [4]. However, it is
still not clear how the collisionless dipole modes turn into
the hydrodynamic dipole modes in mixture gases. The
moment method for solving the Boltzmann equation is
a useful tool for addressing this issue, treating both the
collisionless and hydrodynamic modes in a coherent man-
ner [25–30].
In this paper, by using the moment method, we
study dipole oscillation of a trapped Bose–Fermi mix-
ture, composed of single-species bosons and single-species
fermions. We find that the dipole modes are character-
ized by a single relaxation time, which originate from
Bose–Fermi scatterings associated with the conservation
of the total momentum. In the collisionless regime, two
types of oscillating mode emerges. As the relaxation
time becomes short, where the system turns into the
hydrodynamic regime, one oscillating collisionless mode
2shows a crossover to an oscillating in-phase mode, and the
other oscillating collisionless mode disappears and turns
into two purely-damped modes: fast and slow relaxation
modes. One may easily expect the existence of a fast
relaxation mode in the hydrodynamic regime, since it is
analogous to the well-known diffusion mode or spin drag
in a uniform gas. In a trapped gas, we find that the rel-
ative center-of-mass motion gives rise to a slow relaxing
mode, where two separated clouds are gradually mixed
with each other.
II. MOMENT METHOD
A. Boltzmann equation
The Boltzmann equation for the distribution function
fα = fα(r,p, t), as a function of position r, momentum
p, and time t, is described by
∂fα
∂t
+
∂εα
∂p
·
∂fα
∂r
−
∂Uα
∂r
·
∂fα
∂p
= Iα , (1)
where the single-particle energy εα = εα(r,p, t) with an
atomic mass mα is given by
εα(r,p, t) =
p2
2mα
+ Uα . (2)
Here, α = {B,F} represents bosons or fermions, respec-
tively. The potential energy Uα = Uα(r, t) is given by a
combination of mean-field terms and a trapping poten-
tial:
UB(r, t) = 2gBBnB + gBFnF + U
trap
B , (3a)
UF(r, t) = gBFnB + U
trap
F . (3b)
Here, gBB and gBF are coupling strengths of Bose–
Bose and Bose–Fermi scatterings, respectively, and nα =
nα(r, t) is a number density, defined by momentum inte-
gration of the distribution function:
nα(r, t) =
∫
d3p
(2pi~)3
fα . (4)
We note that s-wave scattering lengths aBB and aBF are
related to the coupling strengths as gBB = 4pi~
2aBB/mB
and gBF = 2pi~
2aBF/mBF, respectively, with a reduced
mass mBF = mBmF/(mB +mF). The Fermi–Fermi in-
teraction is absent, because we consider single-species
fermions with s-wave scattering. For the trapping po-
tential U trapα = U
trap
α (r), we consider axisymmetric har-
monic potentials
U trapα (r) =
mαω
2
α
2
[
λ2α(x
2 + y2) + z2
]
, (5)
where ωα and λαωα denote axial and radial trap frequen-
cies, respectively.
The collision integrals Iα = Iα(p, r, t) in the present
case are given by
IB = IBB[fB, fB] + IBF[fB, fF] , (6a)
IF = IFB[fF, fB] , (6b)
where the expression for Iαβ = Iαβ [fα, fβ] ({α, β} =
{B,B}, {B,F}, {F,B}) is given by
Iαβ =
2pig2αβ
~
(1 + δαβ)
×
∫
d3p2
(2pi~)3
∫
d3p3
(2pi~)3
∫
d3p4 δp(1234)δ
αβ
E (1234)
×
{[
1 + ηαfα(1)
][
1 + ηβfβ(2)
]
fβ(3)fα(4)
− fα(1)fβ(2)
[
1 + ηβfβ(3)
][
1 + ηαfα(4)
]}
,
(7)
where we have used the abbreviated notation fα(i) =
fα(r,pi, t), and take ηB = +1 and ηF = −1, depending
on the quantum statistics [31]. On the right hand side of
Eq. (7), we have used the following notations:
δp(1234) = δ(p1 + p2 − p3 − p4) , (8a)
δαβE (1234) = δ
(
εα(p1) + εβ(p2)− εβ(p3)− εα(p4)
)
.
(8b)
These delta functions reflect the fact that both mo-
mentum and energy are conserved in the binary col-
lisions. The equilibrium solution of the Boltzmann
equation is given by Bose–Einstein distribution func-
tion f0B = f
0
B(p, r) or Fermi–Dirac distribution function
f0F = f
0
F(p, r):
f0α(p, r) =
1
exp[β(ε0α − µα)]− ηα
, (9)
where µα is the chemical potential, β = 1/(kBT ) is the in-
verse temperature, and ε0α = ε
0
α(p, r) is given by Eqs. (2)
and (3) with nα replaced with the equilibrium values
n0α = n
0
α(r), which is self-consistently obtained by us-
ing Eq. (9) in Eq. (4).
B. Linearization
In order to study dipole oscillation, we introduce a
deviation of the distribution function from an equilibrium
state, given by δfα = fα − f
0
α. By assuming that our
system is near equilibrium, we expand the Boltzmann
equation (1) to first order in δfα. From this linearized
version of Eq. (1), one can derive the equation of motion
for the average of an arbitrary physical quantity χ =
χ(r,p) as
dδ〈χ〉α
dt
−
1
mα
δ
〈
p ·
∂χ
∂r
〉
α
+ δ
〈
∂U0α
∂r
·
∂χ
∂p
〉
α
−
〈
χ
∂f0α
∂ε0α
p
mα
·
∂δUα
∂r
〉
= 〈χIα〉 , (10)
3where we define the following moments:
δ〈χ〉α =
1
Nα
∫∫
d3r d3p
(2pi~)3
χδfα , (11a)
〈χAα〉 =
1
Nα
∫∫
d3r d3p
(2pi~)3
χAα , (11b)
with a total number of particles Nα. The fluctuation
of the potential energy δUα in Eq. (10) is given by
δUB = 2gBBδnB + gBFδnF and δUF = gBFδnB, where
the deviation of a number density δnα is also defined by
δnα = nα − n
0
α.
C. Moment equation
Dipole oscillation is described by displacement of the
centers of mass of both bosonic and fermionic clouds. As-
suming the dipole oscillation in the z-direction, we take
χ = z, pz in Eq. (10). We then obtain a coupled set of
equations of motion for δ〈z〉α and δ〈vz〉α = δ〈pz〉α/mα.
However, the resulting moment equations are generally
not closed because of both the mean-field and the colli-
sion terms. In order to truncate these terms, we intro-
duce the following ansatz:
δfα =
∂f0α
∂ε0α
(
aα + bα · p + cα
p2
2mα
)
, (12)
where we assume that bα(t) = bα(t)zˆ, and bα(t) does not
depend on the position. One can relate bα to the velocity
field by vα ≡ δ〈vz〉αzˆ = −bα/3.
Using the ansatz of Eq. (12), we obtain the follow-
ing closed set of coupled moment equations for {α, β} =
{B,F} or {F,B}:
dδ〈z〉α
dt
− δ〈vz〉α = 0 , (13a)
dδ〈vz〉α
dt
+
(
ω2α −
∆
Mα
)
δ〈z〉α
+
∆
Mα
δ〈z〉β = −
M+
τMα
(
δ〈vz〉α − δ〈vz〉β
)
,
(13b)
where 1/M± = 1/MB ± 1/MF with Mα = mαNα, and
∆ is a mean-field contribution, which depends on the
equilibrium density profiles through
∆ = gBF
∫
d3r
∂n0B
∂z
∂n0F
∂z
. (14)
Regarding the collision terms, the contribution 〈zIα〉
vanishes, because the collisions conserve the number of
particles of each component. We also find that 〈pzIBB〉
vanishes, because intraspecies (Bose–Bose) collisions con-
serve the momentum of bosons. On the contrary, inter-
species (Bose–Fermi) collisions do not conserve the mo-
mentum of each component independently, but conserve
the total momentum. We thus have non-zero contribu-
tions from 〈pzIBF〉 and 〈pzIFB〉. Within our truncation
scheme, the collisional contributions are given by
〈pzIBF〉 = −
M+
τNB
(
δ〈vz〉B − δ〈vz〉F
)
, (15a)
〈pzIFB〉 = −
M+
τNF
(
δ〈vz〉F − δ〈vz〉B
)
, (15b)
where the characteristic relaxation time τ is given by
1
τ
=
3piβg2BF
~M+
∫
d3r
∫
d3p1
(2pi~)3
∫
d3p2
(2pi~)3
∫
d3p3
(2pi~)3
∫
d3p4
× δp(1234)δ
BF
E (1234)(p1z − p4z)
2
×
[
1 + f0B(1)
][
1− f0F(2)
]
f0F(3)f
0
B(4) .
(16)
Equation (13) can be reduced into the following form:
d
dt
u = Au , (17)
where u = (δ〈z〉B, δ〈z〉F, δ〈vz〉B, δ〈vz〉F)
T, and
A =


0 0 1 0
0 0 0 1
∆
MB
− ω2B −
∆
MB
− 1τ
M+
MB
1
τ
M+
MB
− ∆MF
∆
MF
− ω2F
1
τ
M+
MF
− 1τ
M+
MF

 . (18)
By considering the normal-mode solution u ∝ e−iωt of
Eq. (17), we obtain the following quartic equation of ω
for nontrivial solutions:(
ω2 − ω2B +
∆
MB
)(
ω2 − ω2F +
∆
MF
)
−
∆2
MBMF
+
iωM+
τ
(
ω2 − ω2F
MB
+
ω2 − ω2B
MF
)
= 0 . (19)
We note that the coupled set of equations (13) is ob-
tained from the Boltzmann equation (1), and the mean-
field contribution ∆ and the relaxation time τ are micro-
scopically introduced, which include the quantum statis-
tical effects. In particular, the term ∆ originates from
the mean-field potential gBFnF(B) in Eq. (3). In the ab-
sence of ∆, Eq. (13) is consistent with a classical model
for two harmonic oscillators coupled through phenomeno-
logically included collisional damping terms [4, 32].
We find that from Eqs. (13) and (19), only the inter-
species interaction has the explicit effect on dipole modes
of two-component mixture through the mean-field con-
tribution (14) and the relaxation time (16); the effect
of the intraspecies interaction is only implicitly included
in the equilibrium property through the effective poten-
tial for bosons in Eq. (3a). It implies that the formula-
tion of the dipole modes in this paper can be easily ex-
tended to other types of two-component mixture, such as
Bose–Bose and Fermi–Fermi mixtures with s-wave scat-
tering interactions. In general, the moment equations for
4dipole modes will be given in the form of (13) and (19),
where a mean-field contribution ∆ and a relaxation time
τ include only the effect of an interspecies interaction.
Temperature dependence of dipole modes may be differ-
ent depending on quantum statistics of two-component
mixture, reflecting different temperature dependence of
∆ and τ . We note that the importance of the inter-
species interaction in the collective mode was also found
in the presence of BEC by using the sum-rule approach
at T = 0 [20]. In Ref. [20], the effect of the interspecies
interaction is described by Eq. (7), which is similar to
our Eq. (14), but uses the condensate density in stead of
Eq. (4) for nB in this paper.
III. RESULTS
In this section, we discuss results obtained from the
moment equation (17) for dipole modes. To extract an-
alytic expressions of ω = Ω − iΓ that determines both
frequency Ω and damping rate Γ , we first focus on two
limiting cases: the collisionless regime (Sec. III A) and
the hydrodynamic regime (Sec. III B). We also reveal
how the collisionless dipole modes turn into the hydrody-
namic dipole modes as a function of the relaxation time
in the absence of ∆ (Sec. III C), and as a function of the
temperature where the mean-field contribution ∆ is fully
included (Sec. III D). Finally, we discuss the connection
with experiments of dipoles modes (Sec. III E).
A. Collisionless limit
In the collisionless limit ωB,Fτ ≫ 1, from Eq. (19),
we obtain two types of oscillating mode (Ω+, Γ+) and
(Ω−, Γ−), where the frequency Ω± and the damping rate
Γ± are given by
Ω2± = ω
2
+ −
∆
2M+
±
√
ω2−
(
ω2− −
∆
M−
)
+
∆2
4M2+
, (20a)
Γ± =
1
4τ
[
1±
1
Ω2+ −Ω
2
−
(
2M+
M−
ω2− −
∆
M+
)]
, (20b)
where ω2± =
(
ω2B ± ω
2
F
)
/2. In the spacial case ωB = ωF,
one can easily see that Ω+ = ωB = ωF and Γ+ = 0,
which corresponds to the well-known Kohn mode [33]
(the undamped dipole oscillation independent of inter-
actions, temperature, and quantum statistics).
We now discuss the eigenvectors in the collisionless
limit in the case where ωB 6= ωF. Physics of the eigen-
modes in the collisionless regime in this case are more
clearly shown in the case of ∆ = 0, where the frequency
and the damping rate are given by
(Ω2+, Ω
2
−) =
(
ω2B, ω
2
F
)
, (21a)
(Γ+, Γ−) =
(
M+
2τMB
,
M+
2τMF
)
. (21b)
In this case, frequencies of two types of oscillating mode
coincide with the harmonic trap frequencies. Eigenvec-
tors associated with these modes are given by
u+ ≡


δ〈z〉
+
B
δ〈z〉+F
δ〈vz〉
+
B
δ〈vz〉
+
F

 =


(
1− ω2F/ω
2
B
)
/M+
i/(ωBτMF)
−iωB
(
1− ω2F/ω
2
B
)
/M+
1/(τMF)

 , (22)
u− ≡


δ〈z〉−B
δ〈z〉
−
F
δ〈vz〉
−
B
δ〈vz〉
−
F

 =


i/(ωFτMB)(
1− ω2B/ω
2
F
)
/M+
1/(τMB)
−iωF
(
1− ω2B/ω
2
F
)
/M+

 , (23)
regardless of normalization. In the Ω+-mode, we have a
relation δ〈z〉
+
F/δ〈z〉
+
B = δ〈vz〉
+
F/δ〈vz〉
+
B ∝ i/τ → 0, which
means that a fermionic cloud shows negligibly small os-
cillations of the center of mass as well as the velocity
field in the collisionless limit τ → ∞. In this Ω+-mode,
an oscillation is mainly given by a bosonic cloud with a
harmonic trap frequency Ω+ = ωB. In the Ω−-mode,
in contrast, a fermionic cloud largely oscillates with a
harmonic trap frequency Ω− = ωF, providing a rela-
tion δ〈z〉
−
B/δ〈z〉
−
F = δ〈vz〉
−
B/δ〈vz〉
−
F ∝ i/τ → 0. In
this limit (ωB,Fτ ≫ 1 and ∆ → 0), the ratio of fluc-
tuation δ〈z〉
±
B/δ〈z〉
±
F = δ〈vz〉
±
B/δ〈vz〉
±
F is a purely imag-
inary number, and hence the phase difference between
the two interspecies components is pi/2. This anomalous
phase difference pi/2 indicates that these modes are nei-
ther in-phase nor out-of-phase modes, which originates
from the fact that the bosonic and fermionic are cou-
pled only through the collision term (right hand side of
Eq. (13b)).
B. Hydrodynamic limit
In the hydrodynamic limit ωB,Fτ ≪ 1, we obtain an os-
cillating mode and two purely-damped relaxation modes
(fast and slow relaxing modes); the eigenfrequencies of
these modes are respectively given by
ω =


ωin − iΓin ,
− iΓfast ,
− iΓslow ,
(24)
where
ω2in =
MBω
2
B +MFω
2
F
MB +MF
, (25a)
Γin = τ
M+
(
ω2B − ω
2
F
)2
2
(
MBω2B +MFω
2
F
) , (25b)
Γfast =
1
τ
, (25c)
Γslow = τ
(
ω2Bω
2
F
ω2in
−
∆
M+
)
. (25d)
5The mode with ω = ωin − iΓin represents the in-phase
oscillation of two components. If we neglect∆, the eigen-
vector of the in-phase mode is simply given by
uin ≡


δ〈z〉
in
B
δ〈z〉
in
F
δ〈vz〉
in
B
δ〈vz〉
in
F

 =


1
1
−iωin
−iωin

 , (26)
regardless of normalization. One immediately finds the
relation δ〈z〉B/δ〈z〉F = δ〈vz〉B/δ〈vz〉F = 1 (> 0), which
indicates that in this in-phase mode, fluctuations of both
bosonic and fermionic clouds are equivalent: δ〈z〉B =
δ〈z〉F and δ〈vz〉B = δ〈vz〉F. In the hydrodynamic regime,
Bose–Fermi collisions lead the mixture gas to local equi-
librium so fast that one component is dragged and accom-
panied by the other component. We note that even in the
case where ωB 6= ωF, the two clouds oscillate at the same
frequency ωin as if those are a single cloud (Fig. 1(a)). In
the case of equal trap frequencies, i.e., ωB = ωF, the in-
phase mode reduces to the undamped Kohn mode with
ωin = ωB = ωF and Γin = 0, as in the collisionless limit.
One of the two purely-damped relaxation modes is the
fast relaxing mode with the damping rate Γfast (∝ 1/τ).
The other is the slow relaxing mode with the damping
rate Γslow (∝ τ). Both the purely-damped relaxation
modes involve out-of-phase motion of the two compo-
nents. Indeed, in the case of ∆ = 0, eigenvectors of both
the fast and slow relaxing modes are respectively given
by
ufast ≡


δ〈z〉
fast
B
δ〈z〉
fast
F
δ〈vz〉
fast
B
δ〈vz〉
fast
F

 =


τ/MB
−τ/MF
−1/MB
1/MF

 , (27)
uslow ≡


δ〈z〉slowB
δ〈z〉slowF
δ〈vz〉
slow
B
δ〈vz〉
slow
F

 =


ω2F/MB
−ω2B/MF
−τω2Bω
4
F/(ω
2
inMB)
τω4Bω
2
F/(ω
2
inMF)

 , (28)
regardless of normalization. Both Eqs. (27) and (28) give
the relation δ〈z〉B/δ〈z〉F = δ〈vz〉B/δ〈vz〉F < 0, indicating
the out-of-phase mode.
One can see distinct features of two relaxation modes
from the eigenvectors in Eqs. (27) and (28). From
Eq. (27), the fast relaxing mode involves a large rel-
ative velocity and a small spatial deviation, since
δ〈z〉
fast
B,F/δ〈vz〉
fast
B,F = −τ → 0. In contrast, from
Eq. (28), the slow relaxation mode involves a small rela-
tive velocity and a large relative spatial deviation, since
δ〈vz〉
slow
B,F /δ〈z〉
slow
B,F = −τω
2
Bω
2
F/ω
2
in → 0.
These two distinct relaxation modes can be selectively
excited by choosing an appropriate initial state. If ini-
tial two clouds are substantially overlapped at the center
of the trap with a large relative momentum, the system
approaches the static equilibrium quickly due to the fast
relaxation mode. This type of relaxation process is also
present in a uniform mixture as a diffusion mode. In con-
trast, if the two centers of mass are sufficiently separated
in space with a small relative momentum as an initial
state, then the two atomic clouds are gradually mixed
with a long relaxation process. We note that this type
of slow relaxation mode is unique to a trapped system,
since the damping rate of this mode vanishes in the limit
where the trap frequencies are zeros. These facts will be
clearly seen in the discussion of the following paragraphs
(see Figs. 1(b) and (c)).
To be more explicit, we express a general dipole mo-
tion in the hydrodynamic limit as a linear combination of
the in-phase oscillating mode and the two purely-damped
modes. By using Eqs. (24), (26), (27), and (28) in the
case of ∆ = 0, we have an expression
u = Re
[
Cinu
in exp(−iωint)
]
exp(−Γint)
+ Cfastu
fast exp(−Γfastt) + Cslowu
slow exp(−Γslowt) ,
(29)
where Cin, Cfast, and Cslow are coefficients determined by
the initial condition.
For example, if we take the initial condition where two
centers of mass are lying on an equal position without
initial velocities, i.e., δ〈z〉B,F = z0 and δ〈vz〉B,F = 0, the
weights of the two relaxation modes disappear as Cfast =
Cslow = 0, but the weight of the in-phase mode is left as
Cin = z0, resulting in
u = z0 Re
[
uin exp(−iωint)
]
exp(−Γint) . (30)
Here, both the bosonic and fermionic clouds oscillate at
the same frequency ωin despite different trap frequencies
ωB 6= ωF as shown in Fig. 1(a).
In the initial condition where two clouds at the cen-
ter of the trap are kicked in the opposite directions, i.e.,
δ〈vz〉B = −δ〈vz〉F = v0 and δ〈z〉B,F = 0, the coefficients
are approximately given to the first order in τ as
Cin =
2τv0M+
ω2in
ω2B − ω
2
F
MB +MF
+ i
v0
ωin
MB −MF
MB +MF
, (31a)
Cfast = −2v0M+ , (31b)
Cslow =
2τv0M+
ω2in
. (31c)
In the hydrodynamic limit τ → 0, the weight of the
slow relaxing mode Cslow is negligibly small. In partic-
ular, in the case of ωB = ωF and MB = MF, one has
Cin = 0. Consequently, only the fast relaxing mode is
excited. Figure 1(b) shows a time evolution of Eq. (29)
with this initial condition. We observe a strong damp-
ing of the velocity fields, although the small-amplitude
oscillation emerge because of the contribution from the
in-phase mode.
In the initial condition where two clouds are spa-
tially separated without initial velocities, i.e., δ〈z〉B =
6−δ〈z〉F = z0 and δ〈vz〉B,F = 0, the coefficients are ap-
proximately given to first order in τ as
Cin = z0
MBω
2
B −MFω
2
F
MBω2B +MFω
2
F
− iτ
2z0M+ω
2
Bω
2
F
ω5in
ω2B − ω
2
F
MB +MF
,
(32a)
Cfast = −2τz0M+
ω2Bω
2
F
ω2in
, (32b)
Cslow =
2z0M+
ω2in
. (32c)
The weight of the fast relaxing mode Cfast is negligibly
small in the hydrodynamic limit τ → 0. Again, in the
case of ωB = ωF and MB = MF, one has Cin = 0. In
this case, only the slow relaxing mode is excited. Fig-
ure 1(c) shows a time evolution of Eq. (29) in this initial
condition, which clearly exhibits that the characteristic
feature of the slow relaxing mode emerges.
C. Behavior in the transition between collisionless
and hydrodynamic regimes
Figures 2(a) and (b) show the relaxation time depen-
dencies of the frequency and the damping rate in the
absence of the mean-field contribution (∆ = 0), respec-
tively. The frequency of the Ω+-mode in the collisionless
regime shows a smooth crossover to the in-phase mode
with decreasing the relaxation time τ (Fig. 2(a)). In the
crossover regime, the lifetime of this mode becomes the
shortest (Fig. 2(b)). In contrast, the frequency of the
Ω−-mode in the collisionless regime drops to zero at a
certain value of the relaxation time (Fig. 2(a)). After
this transition, the damping rate of this mode shows a
bifurcation, where both the fast and slow relaxing modes
emerge (Fig. 2(b)). These behaviors of eigenvalues in-
dicate that not all the dipole modes show the smooth
crossover, as in the case of the crossover between the
zero sound mode and the first sound mode.
Regarding the Ω+-mode in the collisionless regime, os-
cillation of the center of mass is dominated by bosonic
cloud (Fig. 2(c)), where the phase difference is pi/2
(Fig. 2(d)). With decreasing the relaxation time, the in-
phase mode emerges with the frequency ωin, where both
the bosonic and fermionic clouds oscillate (Fig. 2(c)).
The amplitudes of this mode are the same for both the
bosonic and fermionic clouds in the hydrodynamic regime
(Fig. 2(c)), where the phase difference approaches zero
(Fig. 2(d)).
Regarding the Ω−-mode in the collisionless regime, os-
cillation of the center of mass is dominated by fermionic
cloud (Fig. 2(e)), where the phase difference is also pi/2
(Fig. 2(f)). With decreasing the relaxation time, there
occurs a transition from the Ω−-mode to the two purely-
damped modes, where amplitudes of both the bosonic
and fermionic clouds bifurcate (Fig. 2(e)). In the hy-
drodynamic regime, the phase difference of these purely-
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FIG. 1. (Color Online) Time evolution of center-of-mass
positions and velocity fields, assuming a Bose–Fermi mix-
ture of 87Rb and 40K, where harmonic trap potentials for
both the components are the same, providing the relation
mBω
2
B = mFω
2
F, and mF/mB = 87/40. In all panels, we
consider the case in the absence of ∆, and take ωFτ = 0.25.
(a) Characteristic oscillation of the in-phase mode with the
frequency ωin generated from the initial condition given by
δ〈z〉
B,F = z0 and δ〈vz〉B,F = 0. For comparison, we also
plot cos(ωBt) and cos(ωFt) with the bare trap frequencies
ωB,F. (b) Characteristic oscillation of the fast relaxing mode
generated from the initial condition given by δ〈z〉
B,F = 0
and δ〈vz〉B = −δ〈vz〉F = v0. In (a) and (b), we take
NB/NF = mF/mB, which provides MB = MF. (c) Charac-
teristic oscillation of the slow relaxing mode generated from
the initial condition given by δ〈z〉
B
= −δ〈z〉
F
= z0 and
δ〈vz〉B,F = 0. Here, we take NB = NF, which provides
MBω
2
B =MFω
2
F.
damped modes approaches pi, which clearly indicates the
out-of-phase motion (Fig. 2(f)).
While Fig. 2 shows that the bosonic cloud oscillates in
the whole regime, one can produce an opposite situation
as shown in Fig. 3, where the fermionic cloud oscillates
in the whole regime. Figure 3 is the same as Fig. 2,
but for the different number ratio NB/NF = 0.2 (while
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FIG. 2. (Color Online) Dipole modes as a function of the relaxation time τ in the absence of ∆. (a) Frequency Ω and
(b) damping rate Γ . (c) Mode amplitude and (d) relative phase between δ〈z〉
B
and δ〈z〉
F
for the Ω+-ωin mode, given from
the eigenvector of Eq. (17). The mode amplitudes and the relative phase for the Ω
−
-relaxation mode are shown in panels (e)
and (f), the mode amplitudes are normalized as |δ〈z〉
B
|2 + |δ〈z〉
F
|2 = 1. Results of the velocity fields δ〈vz〉B,F are the same as
for δ〈z〉
B,F. We assume the case of a mixture of
87Rb and 40K with NB = NF and mBω
2
B = mFω
2
F.
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FIG. 3. (Color Online) Same as Fig. 2, but for the case where NB/NF = 0.2. The Ω−-mode smoothly connects to the in-phase
mode in the hydrodynamic regime, in contrast to the case in Fig. 2.
810
−2
10
−1
10
0
10
1
10
2
10
3
10
−2
10
−1
10
0
10
1
10
2
ω
7δ
〈 z
〉 /
δ
〈 v
z
〉
ω7τ
cIRs8cj
Ω+
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√
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2.
NB = NF for Fig. 2). In the collisionless regime, the Ω+-
mode and the Ω−-mode are also dominated by bosonic
cloud (Fig. 3(e)) and fermionic cloud (Fig. 3(c)), respec-
tively. However, as opposed to the case shown in Fig. 2,
the Ω−-mode smoothly connects to the hydrodynamic in-
phase mode (Figs. 3(a) and (c)), and the Ω+-mode shows
a bifurcation of the two purely-damped modes (Figs. 3(b)
and (e)). Thus, changing parameters, such as a num-
ber ratio, a mass ratio, and trap frequencies, induces the
change of the connection between those hydrodynamic
mode and collisionless modes, i.e., which species (bosons
or fermions) are dominant in the collective mode that
connects to the in-phase mode. From the numerical re-
sults of the moment equation (17), we observe that the
ratio of MBωB and MFωF is an important factor that
determines the dominant species for the center-of-mass
motion, though the rigorous mathematical proof is yet
to be provided.
One can see from Eqs. (27) and (28) that two purely-
damped modes have distinct features in the motion of the
center-of-mass positions and the velocity fields of bosons
and fermions. In the hydrodynamic limit, the slow relax-
ation mode is dominated by relative displacement of the
centers of mass, while the fast relaxation mode is domi-
nated by relative velocity of two components. This fact
can be clearly seen in Fig. 4, which shows a ratio of a
displacement of the center-of-mass positions to a veloc-
ity field as a function of the relaxation time. The ratio
shows a bifurcation when the Ω+-mode turns into the
two relaxation modes. In the fast relaxing mode, the
amplitude of the velocity field is much larger than that
of the displacement of the center of mass, and vice versa
in the slow relaxing mode.
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FIG. 5. (Color Online) Temperature dependence of dipole
modes including the mean-field contribution ∆ and the re-
laxation time τ . (a) Frequency Ω and (b) damping rate Γ .
(c) Relaxation time τ and (d) mean-field contribution ∆. We
assumed a Bose–Fermi mixture of 87Rb and 40K with the same
isotropic harmonic traps, giving the relations mBω
2
B = mFω
2
F
and λ = 1. The ratio of the total number of particles is
NB/NF = 0.02 with NF ≈ 1.33 × 10
6 and NB ≈ 2.67 × 10
4,
and the coupling constants are gBB/(l
3
F~ωF) = gBF/(l
3
F~ωF) ≈
1.48 × 10−1, which provides an s-wave scattering length of
a Bose–Fermi collision as aBF/lF ≈ 1.61 × 10
−2. Here,
lF =
√
~/(mFωF) is a harmonic oscillator length for fermions.
To scale temperature T , we make use of the Fermi temper-
ature kBTF = (6NF)1/3~ωF for a trapped ideal gas (lower
horizontal axis) as well as the critical temperature of Bose–
Einstein condensation TBEC in the trapped Bose–Fermi gas
(upper horizontal axis), which is determined by the condition
µB = U
0
B(r = 0) including the mean-field terms.
D. Temperature dependence
Figures 5(a) and (b) show the temperature dependence
of the collective modes with fully including the mean-field
contribution∆ and the relaxation time τ . In calculations
of ∆ in Eq. (14) and τ in Eq. (16), we use the equilib-
9rium distribution functions including the self-consistent
mean-field terms in a single-particle excitation energy.
The actual BEC critical temperature of the interacting
Bose–Fermi mixture, TBEC, is determined by the con-
dition µB = U
0
B(r = 0), where U
0
B(r) is the effective
potential given by Eq. (3a) in the equilibrium state.
It is remarkable that the collisionless mode exists in
a high temperature region as well as a low tempera-
ture region (Figs. 5(a) and (b)). The system shows the
transition from the collisionless regime to the hydrody-
namic regime and that from the hydrodynamic regime
to the collisionless regime subsequently with decreasing
temperature. Only within the intermediate temperature
region 0.12 . T/TF . 0.92, which provides ωFτ . 0.74
(Fig. 5(c)), the collisionless mode disappears and the hy-
drodynamic modes emerge: the frequency of the Ω+-
mode drops to zero (Fig. 5(a)), and the damping rate
exhibits the bifurcation to the two purely-damped modes
(Figs. 5(b)).
These behaviors are caused by the non-monotonic tem-
perature dependence of the relaxation time τ (Fig. 5(c)).
In the high temperature region, the system is in the col-
lisionless regime with a long relaxation time, because the
gas trapped in the harmonic potential becomes more di-
lute with increasing temperature. The long relaxation
time in the high temperature region is in stark con-
trast to the uniform gas. In the low temperature region,
the collisionless regime with a long relaxation time also
emerges because of suppression of collisions due to the
Pauli-blocking. The effect of the mean-field contribution
∆ is much smaller than that of the relaxation time τ
(Fig. 5(d)). Ignoring the mean-field contribution ∆ is
a good approximation for dipole modes in the present
case. Indeed, the two purely-damped modes also emerge
at ωFτ . 0.74 in the absence of ∆.
Finally, we discuss the effect of an anisotropy of the
harmonic potential. In general, one can include this effect
in the self-consistent equilibrium distributions in Eq. (9),
the mean-field contribution ∆, and the relaxation time τ
through numerical calculations. However, one can easily
see the effect of the anisotropy in the special case where
λB = λF = λ in Eq. (5). By introducing the coordinate
transformation(
x′, y′, z′
)
=
(
xλ1/3, yλ1/3, zλ−2/3
)
, (33)
one can reduce the harmonic potential to the spherically
symmetric form:
U trapα (r
′) =
mαω¯
2
α
2
(
x′2 + y′2 + z′2
)
, (34)
where ω¯α = λ
2/3ωα. The calculations of Eqs. (14)
and (16) can be simply performed after transforming to
this spherically symmetric coordinate with a trap fre-
quency ω¯α. As a result, the mean-field contribution ∆
and the relaxation time τ in an anisotropic case with
λ 6= 1 are respectively given by ∆ = λ−4/3∆¯ and τ = τ¯ ,
where ∆¯ and τ¯ are those in the isotropic case for the
trap frequency ω¯α. Although the mean-field contribu-
tion ∆ is deformed from this isotropic case, the ratio
∆/ω2α = ∆¯/ω¯
2
α is independent of the anisotropy. In this
anisotropic case, Eq. (19) becomes
(
ω¯2 − ω¯2B +
∆¯
MB
)(
ω¯2 − ω¯2F +
∆¯
MF
)
−
∆¯2
MBMF
+ λ2/3
iω¯M+
τ¯
(
ω¯2 − ω¯2F
MB
+
ω¯2 − ω¯2B
MF
)
= 0 , (35)
where the renormalized frequency is defined as ω¯ =
λ2/3ω. The anisotropic effect is thus effectively intro-
duced by replacing τ with λ−2/3τ¯ , with the mean-field
contribution unchanged. In the cigar (pancake) trap
case, where λ > 1 (λ < 1), one obtains a shorter (longer)
relaxation time than in the isotropic case with λ = 1,
and hence the hydrodynamic (collisionless) center-of-
mass motion is effectively enhanced by setting a large
(small) anisotropy coefficient λ. Although this argument
is based on the special case λB = λF, qualitative ten-
dency would not change in the general case λB 6= λF; in
the cigar trap case, one obtains effectively shorter relax-
ation and thus the collisional effect is enhanced.
E. Connection to experiments
The temperature dependence of dipole modes stud-
ied in Sec. IIID are specific to our trapped normal
Bose–Fermi mixture. However, the insights of dipole
modes gained from Eq. (13) may be useful for other nor-
mal two-component mixtures, i.e., Bose–Bose or Fermi–
Fermi mixtures with s-wave scattering interactions, as
discussed in Sec. II. An experiment of the dipole os-
cillation in a strongly interacting Fermi gas has been
reported in Ref. [34]. In this experiment, two spin-
polarized fermionic clouds bounce off each other and sub-
sequently show a slow relaxation of displacements of the
two centers of mass after 160ms. The bounce of the two
clouds may be far-from-equilibrium dynamics and it is
beyond the scope of our formalism, where we assumed a
small deviation from an equilibrium. Indeed, in the hy-
drodynamic regime in our formalism, the bounce mode
does not emerge. On the other hand, the slow relaxation
after the bounce may correspond to our slow relaxing
mode in the hydrodynamic regime, the picture of which
is consistent with our theoretical results, where the two
separated clouds are mixed gradually. Indeed, as dis-
cussed by using Eq. (32), the slow relaxing mode alone
emerges in the balanced gas (MB = MF) with equal trap
frequencies (ωB = ωF), where initial two clouds are spa-
tially separated without initial velocities.
The center-of-mass motions are also reported in a
Bose–Fermi mixture of 7Li and 6Li above and below the
superfluid transition temperature [10]. In particular, the
phase locking are observed when both the 7Li and 6Li
gases are in the normal phase; the center-of-mass motions
of the two clouds with different trap frequencies show the
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dipole oscillation at the same frequency. Interpretation
of the phase locking includes a quantum Zeno effect [35],
and non-linearities emergent from interspecies interac-
tions studied in the context of thermalization [36] based
on the Caldeira–Leggett model [37]. According to our
study in this paper, the phase locking of the dipole mode
in the normal gas is a consequence of the hydrodynamic
in-phase mode, where two gases oscillates at the same fre-
quency given by Eq. (25a), even if the trap frequencies
of two components are different. In the experiment [10],
trap frequencies of fermions and bosons are respectively
given by ωz,F = 2pi × 17Hz, and ωz,B ≃ 2pi × 15.7Hz,
and the frequency of the phase locked dipole mode was
reported as 2pi×17.9(3)Hz. Since the fermionic gas is the
majority (NF = 2.5 × 10
5 and NB ∼ 2.5 × 10
4), it may
be natural that the frequency of the in-phase mode is
relatively close to the trap frequency of the fermions, al-
though the frequency of the hydrodynamic in-phase mode
ωin ≃ 2pi × 16.9Hz estimated from Eq. (25a) is, to a
certain extent, smaller than the frequency of the phase
locking reported in the experiment [10]. The phase lock-
ing phenomenon has been also observed in a Fermi–Fermi
mixture [21], and a Bose–Fermi mixture [4] in the context
of the hydrodynamic mode.
Future work includes other multipole oscillations in
mixtures, such as monopole and quadrupole modes ac-
cessible in experiments. Damping process of collective
modes in a Bose–Fermi mixture is also an interesting is-
sue, including the Landau damping [38] and the hydro-
dynamic damping.
IV. CONCLUSIONS
We investigated dipole modes in a trapped normal
Bose–Fermi mixture, composed of single-species bosons
and single-species fermions. We theoretically obtained
both the frequency and the damping rate of these modes
by using the moment method for the linearized Boltz-
mann equation, in the limits of collisionless and hydro-
dynamic regimes as well as in the intermediate regime
between the two limits.
In the collisionless regime, there are two types of os-
cillating mode. In the absence of the mean-field con-
tribution, the frequencies of these mode correspond to
the harmonic trap frequencies of two components. These
two oscillating modes in the collisionless regime have two
distinct fates in the hydrodynamic regime. One oscil-
lating mode turns into an in-phase oscillating mode in
the hydrodynamic regime, where the frequency and the
damping rate show a smooth crossover. The other oscilla-
tion mode disappears and turns into two purely-damped
modes associated with the out-of-phase motion in the hy-
drodynamic regime, which can be regarded as a transi-
tion. One of the purely-damped modes is the fast relaxing
mode, where the relative velocity of the two component
is large and the gas quickly relaxes to the static equilib-
rium. The other purely-damped mode is the slow relax-
ing mode, where the two separated clouds are gradually
mixed, which is unique to trapped gases.
We also studied temperature dependence of frequen-
cies and damping rates of dipole modes. In contrast to a
uniform system, trapped gases at high temperature are in
the collisionless regime, because a harmonically trapped
gas may spread and its density becomes lower with in-
creasing temperature. In the low temperature region,
the system may be in the collisionless regime again, be-
cause of the Pauli blocking in the Bose–Fermi mixture
gas. In the intermediate temperature region, we observe
the hydrodynamic modes. This non-monotonic feature is
highlighted when the number of bosons is smaller than
that of fermions.
Within the moment method presented in this paper,
dipole modes are characterized by a mean-field contri-
bution ∆ and a relaxation time τ , both of which are
associated with the interspecies scattering. Even if we
consider other kinds of normal two-component mixtures
(Bose–Bose or Fermi–Fermi mixtures with s-wave scat-
tering interactions), we obtain the same closed set of cou-
pled moment equation as obtained in this paper, with the
relevant mean-field contribution and the relaxation time
appropriate to the system of interest. Our understanding
of dipole modes obtained in this paper is thus essentially
applicable to Bose–Bose or Fermi–Fermi mixtures.
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